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ABSTRACT

Let G be an abelian group of order n and let R be a commutative ring
which admits a homomorphism Z[{,] — R, where {, is a (complex)

primitive n-th root of unit y.Giv en a finiteR[G]-module M, we derive a

form ula relating the order ofM to the product of the orders of the various

isotypic components MX of M, where x ranges o ver the group of R-valued

characters of G. For G cyclic, we give conditions under which the order

of M is exactly equal to the product of the orders of the MX. To derive

these conditions, we build on work of Aljadeff and Ginosar and obtain,

in particular, a new criterion for cohomological triviality which improves

upon the well-kno wn criterion of T. Nalayama. We also give applications

to abelian v arieties and to ideal class groups of mm ber fields, obtaining
in particular some new class number relations. In an Appendix to the

paper, we use étale cohomology to obtain some additional class number

relations. Our results also have applications to “non-semisimple” Iwasaw a
theory, but we do not develop these here. In general, the results of this

paper could be used to strengthen a variety of known results involving

finite R[G]-modules whose hypotheses include (an equivalent form of) the

following assumption: “the order of G is invertible in R”.

0. In troduction

Let A be an abelian varietydefined overa global field F' and let K/F be a
quadratic extension with Galois group G. Write A! for the abelian variety dual
to A. For eah of the two characters y of G, let AX (resp. (A")X) be the twist
of A (resp. A') by x. In [8] the following result was established.
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THEOREM 0.1 ([8, Corollary 4.6]): With the above notations, assume that the
follo wing conditions hold.
(i) The Tate-Shafarevich group II(Ag) of Ak is finite.
(ii) H{(G, AX(K)) = H (G, (A)X(K)) = 0 for all in tegersi and all characters
x of G.

(iii) Both A(F,) and A*(F,) are connected for all real primes v of F.

Then
(A )] = [MARIAD)] - []IH (G AR,
veT

where T is the set of primes of F which ramify in K/F or where Ap has
bad reduction, w is a fixed prime of K lying abovev (for each v € T), and
Gy = Gal(K,/Fy).

In attempting to generalize the above theorem to extensions of degree greater
than 2, w ew ereled to the follo wing general problem. Given a finite abelian
group G and a finite R[G]-module M (where R is a commutativ ering which
contains the values of all characters of G, e.g. R = Z[(,], where (, is a complex
n-th root of unit y),find a formula for the order of M in terms of the orders
of the various isotypic components MX of M, where y runs over the group of
characters G of G and MY = {m € M: om = x(o)mforallo € G}. If n
denotes the order of G and one considers R, = Z[1/n] ®z R, then it is easy to
find a formula of the desired type for the order of M, = Z[1/n] ®; M (which we
regard as an R.[G]-module in the natural way), since there is an isomorphism

M. ~PM¥=FPe M.,
X X

where €| = (1/n) ® Egec X(o)o is the idempotent of the group ring R.[G]
corresponding to x € G (here Y denotes the inverse of y). However, if for
example nM = 0, then M, = 0 and no information is gained on the order of
M. A different approach involves the “quasi-idempotents”

ex =Y X(7)o € RIG],

ceG

which satisfy Ei = ne,. Since £, M no longer equals MX, it is natural to expect
that the modules MX /e, M will play a role in our considerations. For y = x°
(the trivial character of G), MX /e, M is the familiar Tate cohomology module

MY/ NegM = ﬁO(G, M), where Ng = )~ . 0 is the norm element of R[G]. In

general, ﬁg(G,M) ef Mx /e, M = H(G, My), where My is the Y-twist of M
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(see Section 1 for definitions). Then the solution to the general problem stated
abo e is given by

THEOREM 0.2: If G is cyclic and M is a finite R[G]-module, then

M) TTENG, M) /S, ()] = T] 1M,

XE@ Xe@

where Sy (M) (x € G) is the submodule of ﬁg(G,M) defined in Section 2,
formula (6). Equivalently,

(M) = [T lex]- JT 1S (1)),

XG@ Xe@

(Analogous formulas exist for any finite abelian group G. See Theorem 3.1.)

If M is n-divisible, i.e., has no n-torsion, then the modules ﬁg(G., M), and
therefore also the modules S, (M), vanish. In this case the formulas of the
theorem read

(1) (M] = [T 1] = [T [ M.

xeé Xeé

However, w ecould have obtained these formulas using the arguments given
before the statement of the theorem. The interest of Theorem 0.2 is that there
may exist other instances (besides that in which M is n-divisible) where the
modules }AIQ(CLMA) = ITIO(G,MY) vanish, and therefore (1) holds. Regarding
the vanishing of H°(G, M) for an arbitrary G-module M, w euse in Section
4 the impressive results of E. Aljadeff and Y. Ginosar [1], [2] to establish the
follo wing theorem.

THEOREM 0.3: Let G be a finite group such that all Sylow subgroups of G are
cyclic! and let M be a finite G-module. Suppose that H(H, M) = 0 for all
subgroups H of G of prime order. Then H°(H, M) = 0 for all subgroups H of
G.

The above theorem is in fact a corollary of the following striking criterion for
cohomological triviality.

THEOREM 0.4: Let G be a finite group and let M be a G-module. Then M
is cohomologically trivial if and only if ﬁiP(I-LM) = ﬁiP+1(H7M) = 0 for
every p-elementary abelian subgroup H of G, where i, is an integer (which may

1 See Section 4 for a description of these groups.
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depend on p). In particular, if every Sylow subgroup of G is either cyclic or is
a generalized quaternion group?, then M is cohomologically trivial if and only
if H-Y(H,M) = H°(H, M) = 0 for all subgroups H of G of prime order.

(We remind the reader that a G-module M is said to be cohomologically
trivial if ﬁi(H, M) = 0 for all integers i and all subgroups H of G.)

The abov e theorem is a significant improvement of the well-known criterion for
cohomological triviality established by T. Nakayama in the mid 1950’s (see [23,
Theorem IX.5.8 (i)<(ii), p. 145]; see also the remarks following the statement
of Corollary 4.4 below).

Using the above criterion, we obtain results of the following type.

THEOREM 0.5: Let G be a cyclic group of order n and let M be a finite R[G]-
module, where R = Z[(,]. Assume that }AIS(H,M) = 0 for ev ery subgroup H
of G of prime order and every character x of H. Then flg(G, M) = 0 for all
characters ¢ of G and

(M) = [T 1M = [ lew ).

vel ped

If G is a cyclic 2-group and M is a G-module, set M = {m € M: 7m = m},
where 7 is the unique element of order 2 in G.

COROLLARY 0.6: Let G be a cyclic group of order 2", where n > 1, and let
M be a finite R[G]-module, where R = Z[(2+]. Assume that M = (1 + 7)M.
Then

(M] =TT = [ lexM].
x€G x€EG
In Section 5 we apply the results of the preceding sections to Tate—Shafarevich
groups of abelian varieties. The main result obtained is the following general-
ization of Theorem 0.1.

THEOREM 0.7: Let K/F be a cyclic Galois extension of global fields with Galois
group G of order n and let A be an abelian variety defined over F' with complex
multiplication by Z[(,). Assume that the following conditions hold.
(i) The Tate-Shafarevich group (A ) of Ak is finite.
(i) H(G, A(K)) = H!(G, A*(K)) = 0 for all i and all x € G.
(iii) A(Fy) is connected for all real primes v of F.

2 Such groups G have the property that ev ery abelian subgroup ofG is cyclic. See
[3, Theorem XTL.11.6, p. 262].
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Then
Mmi(Ax)] = JTm(ax)] TS m(Ax))],
x€G x€@
where, for each x € G, Sy(II(Ag)) is the submodule of ﬁg(G, IM(Ag)) defined
in Section 2, formula (6). Further, for ead x € G, [Sy(II(Ag))] divides

[T (2, (G, A(KL)),

veETy
where Ty, and x,, are as in the statement of Corollary 5.6 below.

In Section 6 we apply the results of the preceding Sections to study ideal class
groups of number fields. The following results are obtained.

For any number field F' and any finite Galois extension K of F' with Galois
group G and unit group Uk, wewrite II'(G, Ug) (resp. b*(G,Uy)) for the
kernel (resp. cokernel) of the map H'(G,Urx) — [, H(Gy,Uy), where, for
each prime v of F', w denotes a fixed prime of K lying above v and G,, is the
decomposition group of w in G. F urther, we write C i and h for the ideal class
group and ideal class number of K, respectively. Similar notations apply to F.

THEOREM 0.8: Let K/F be a finite Galois extension of number fields with
Galois group G of exponent e. Then there exists a rational number r, whose
numerator and denominator are divisible only by primes that divide e, such that

[Cg} =T- hF.
In particular, a prime pfe divides [C$] if and only if it divides hp.

THEOREM 0.9: Let K/F be a finite Galois extension of number fields with
Galois group G such that all Sylow subgroups of G are either cyclic or generalized
quaternion. Assume, in addition, that the following conditions hold for each
subextension L/ F of K/F of prime index.

(a) K/L is ramified at some prime, and

(b) b (H,Uy) = *(H,Uy) = 0, where H = Gal(K/L).
Then the G-module C'c is cohomologically trivial.

THEOREM 0.10: Let K/F be a finite Galois extension of exponent 2. Then
there exists an integer t such that

hK/hF = Qt- H [EXCK}.,

X#Xx°
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where Ck is the ideal class group of K, hx (resp. hp) denotes the order of C
(resp. Cr), and the product extends over all non-trivial dharacters of G.

If K/F does not have exponent 2, then we need to extend scalars. Set Cx =
Z[¢]@7zC K, where e denotes the exponent of K/F, and define ¢(e) = [(Z /eZ)™].
Then the following holds.

THEOREM 0.11: Let K/F be an abelian extension of number fields with Galois
group G of exponent e. Then there exists a rational number r, whose numerator
and denominator are divisible only by primes that divide e, such that

(hi/he)?D = v ] [exCx].

X#X

COROLLARY 0.12: Let p be an odd prime and let K = Q((,)* be the maximal
real subfield of Q((,). Write h™ for the class number of K and G for the Galois
group of K/Q. Then there exists a rational number r, whose numerator and
denominator are divisible only by primes that divide (p — 1)/2, such that

()2 U) = [T lexCx)

xe@

In particular, p divides h* if and only if p divides [e, C k] for some character y
of G.

The preceding results (0.10-0.12) cannot be considered satisfactory, because
they give no information on the integers [¢, C']*>. How everthere exist clear
indications that the integers [¢, (] are related to the class numbers of the
various subextensions of K/F. See the Example and Remarks follo wing the
statement of Corollary 6.7 below. Regarding the last assertion of Corollary
0.12, it is of course an allusion to V andier’s conjecture, which asserts that
h* is never divisible by p. Concerning this well-known conjecture, the results
of this paper seem to suggest that folile wing statement is true: V andier’s
conjecture holds for p if and only if p does not divide Ay, for every subextension
L/Q of Q(¢,)"/Q of prime degree.

In an Appendix to the paper, w euse étale cohomology to obtain certain
varian ts of Theorem 0.8 abwe. See Theorem A.4 and Corollary A.5 below. We

3 B. de Smit [6] has obtained a precise formula similar to that of Theorem 0.10
for any elementary abelian extension of number fields. See the remarks following
Corollary 6.7 below. I'm indebted to F. Lemmermeyer for calling my attention
to de Smit’s work.
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also note that the results of this paper have applications to “non-semisimple”
Iwasa wa theory, which we hope to develop in a future publication.
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1. Preliminaries

Let G be a finite group of exponent e and let x: G — F be a character (one-
dimensional representation) of G with values in a field F' containing a primitive
e-th root of unity (. (e.g., F' = C). A commutative ring with unit R is said to be
sufficiently large for G if there exists a ring homomorphism Z[(,] — R. For
example, Z[(.] and F,[z]/(zP") (when e = p™ is a prime pow er) are sufficiertly
large for G. Since x: G — F factors through Z[{.], w emay compose y with
the given homomorphism Z[{,] — R to obtain a multiplicative map G — R.
This map will also be denoted by x. Thus y: G — R is an “R-valued character
of G”. Clearly, the values of x lie in R* (the group of units of R), so y is an
element of G & Hom(G, R*).

Now let R be sufficiently large for G and let M be an R[G]-module. Consider
the augmentation homomorphism

ay: R[G] = R, Z To0 > Z roX(0).
o€l ocelG

For each ¢ > 0, consider further the R-module
H, (G, M) = Extj g (R, M),

where R is being regarded as an R[G]-module through the map a,. For i = 0
we have

HY(G. M) = Hompg;(R, M) = MX,
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where Mx L& {m € M: om = x(o)m for all o0 € G}.

Next consider the element

= 3 (o) € R[G,

ocel

where Y is thec haracter inverse to Y, i.e., X(¢) = x(0)~! for all 0 € G. It is
not difficult to check that e, M C MX. Set

HY(G,M) = MX/e\ M.

We note that if M is a Z[G]-module and x is the trivial character of G, then the
Z-modules H (G, M) and flg(G, M) defined above are the well-known groups
H(G,M) =M% and H°(G, M) = M%) NgM in group cohomology. In general,
the R-modules H. (G, M) and fIg(Cﬂ M) are “usual” cohomology modules of a
twisted form of M. Indeed, let M5 denote the R-module M endow ed with the
new G-action

o-m=X(o)om (0€GmeM).

Then
Hi(G.M) = H(G. My)

for all + > 0. The above formula follows in a standard way from the fact that
the functor M +— MX is the composite of the functors M +— MXO, where \°
is the trivial character of G, amd M — Msx, the second of which is exact and
right adjoint to an exact functor, namely M — M,,.

2. Cyclic groups

We assume now that G is a finite cyclic group of order n. Let M be a finite
R[G]-module, where R is sufficiently large for G. Then there exists a ring
homomorphism Z[{,] — R, where (, is a primitive (complex) n-th root of
unity. We will continue towrite (, for the image of (,, in R under the above
homomorphism (this should not be cause for confusion). We now choose and
fix a generator 7 of G and define a character x: G — R* by x(7) = (;,- Then
an y other haracter of G has the form y?, where 0 < i < n — 1 (by convention
XY is the trivial character of G, i.e., Y?(¢) = 1 for all o € G).

Now recall the elements e,; = Y _X'(0)o € R[G], where 0 < i <n — 1.
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We have

n—1
1—24” o= 1@ -
=1
- n—1

O e -c=a Tl -

j=1 j=0

J#i
In particular the norm element £,0 = 3 .0 € R[G] factors as

n—1

Exo = H(T - <7]1>
j=1

Our objective no w is to derie a formula connecting the order of M to the orders
of the various isotypic components MX' of M. To this end, we fix the following
notation. The order of a finite module M will be denoted by [M]. Further, if a
is an element of R[G], Kera will denote the kernel of multiplication by a on M
(this nonstandard notation for the a-torsion submodule of M is a conveniernt one,
as will become apparent below). Observe that MX' = {m e M:mm = {im} =
Ker(7 —(!). Now, in order to make our general argument more transparent, we
will begin by examining the simplest case, that in which n = 2. Consider the
follo wing exact sequence (whid is available for any n)

(2) 0 — Kereyo — ML — HO (G, M) = 0

where g is the multiplication by ,0 map. When n = 2, Kere,o = Ker(1+71) =
Ker(r — (—1)) = MX (see above), so we immediately obtain from (2)

[M][HS (G, M)] = [MX"][MX].

This is the desired result for n = 2.

When n = 3 the situation is more complicated, because e,0 = (17— (3) (7 — (3)
is the product of two linear factors, and therefore Kere,o is not equal to Mx
for any i. However, we can relate Kere,0 to modules of the form Mx by means
of the exact sequence

0— MX = Ker(r — (3) — Kersxo—wl—ﬂ\/lx — Q1 —0,
where 7 is the multiplication by (7 — ¢2) map and

@1 = Coker o1 = MX/(1 — C;) Kere,po.
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Now since
(r— ) Kereyo = MXN (1= G)M
we have
Qi =~ HY(G, M)/5:(M).
where

S1(M)=MXN(r— <§)M/5XM
Thus, writing So(M) = {0}, we obtain
[M][H%(G. M)/So(M)][HY(G, M) /Sy (M)] = [M¥")[MX][M¥],

which is the desired result for n = 3.
We now present the general argument.

For each ¢ € {0,1,...,n — 2}, there is an exact sequence
n—1 n—1 )
(3) 0= Ker [[ (r—¢) = Ker [[(r—¢)F— - Q=0
j=i+1 j=i

in which ¢; is the multiplication by H] Z+1(T ¢J) map and

n—1
Qi = Coker p; = MX/ H (r—¢) KerH(T_CJ

Jj=1+1

Note that (3) for ¢ = 0 is precisely the exact sequence (2), because
ngol (1 —¢)) = ™ —1 = 0 and, therefore, Ker ngol (r—¢)) = M. Also
note that, since

n—1 n—1 n—1
[ e-Kee [[-c)y=mxn [ r-¢)Mm
j=i+1 j=i j=i+1
we have
(4) Qi ~ HY% (G, M)/Si(M),

where S;(M) is the submodule of ITI)? (G, M) given b y

(5) Si(M) = <MXmH(T—gJ )/ M.

J=i+1
Now, by (3),
[Ker [T} (r =] [Mx]
KerIT/=L (r =) Qi




Vol. 144, 2004 FINITE MODULES OVER NON-SEMISIMPLE GROUP RINGS 71

fori=0,1,...,n—2. Multiplying these equalities together we obtain, since the
product of the left-hand side terms telescopes,

(M) _ T [MX]

EEE N VS (N
Thus, b y (4), the follaving holds.

THEOREM 2.1: We have

] TLUS (6. a0/ = T 1

where S;(M) (i =0,1,...,n —2) is the submodule ofﬁg,- (G, M) given by (5).

We will now restate the above theorem in a form whid is more suitable for
generalization. Set H;L;Z-l_s_l(r — ()M =M ifi =n—1. Now, for ¢y = y' € G,
0 <1< n-—1, define

(6) Sy(M) = S;(M) = (MX‘ n nf[l (r — (ﬁ;)M) /EXiM.

j=it1
Then Theorem 2.1 may be restated as follows.

THEOREM 2.2: If G is a cyclic group and M is a finite R[G]-module, then

(M) - T] UG, M) /Sy (M) = ] (M),
ved ped

where Sy, (M) (for ¢ € G) is the submodule of ﬁg(G,M) given by (6). An

equivalent statement is

(M) = ] lesM]- TT[Su(M)).

ved ved

3. Abelian groups

In this section we extend Theorem 2.2 to arbitrary finite abelian groups. We will
consider first abelian groups which are the direct product of tw o cyclic groups.

Let K and K5 be (finite) cyclic groups and let G = K; x K5 be the direct
product of K7 and K. Let M be a finite R[G]-module, where R is sufficiently
large for G (for example R = Z[(.], where e is the exponent of G and (. is a
fixed complex e-th root of unity). Write M, for the R[G]-module M regarded
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as an R[K;]-module (: = 1,2). Note that, since G =K, x Ixz each character
X € G may be written uniquely as y = x, - X,, where x, € I&l and y, € Ixz
We have

MY = (MY,
(note that since My' is an R[G]-module in a natural way, it is meaningful to
consider the restricted module (My')k,). To ease notation, we will write the
abo ve equaliy as “MX = (MX1)Xz2”. (The reader should bear in mind, however,

that in an expression of the form “MX1” (resp. “NX2"), M (resp. N) is being
regarded as a Kj-module (resp. Ko-module).) Now we have

[ort- I I o)

x€G X1 €K1 x, €K

Next, by Theorem 2.2,

[T traye] = o). [[ (B (e M¥)/S,, (M)],

X, €K> X €ER>

where S, (M*1) is given by (6) with ¢» = x, and M = M*: in that formula.
Applying Theorem 2.2 once again, we obtain

e} T (B, 5,0y /Sy, ()] T THS, (Ko, 0% /5, (%)) = T 1824
X1€f<1 X2€§2 xeG

In general, the following holds.

THEOREM 3.1: Let G be a finite abelian group and let M be a finite R[G]-
module. Let G = Ky x -+ x K, (r > 1) be a decomposition of G into a direct
product of cyclic groups. For 0 <i: <r —1, set G; = K1 X --- x K;, where G
is defined to be 0. Then

H [T (2 (5 m¥)/s, (M) = T M7,

=1 x, €k, =tel
w/:eé,-,l

Proof: This may be proed without difficulty by induction, writing G =
(K; x -+ x K1) x K, and arguing as in the case r = 2 above. |
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4. A criterion for cohomological triviality

In this section w eestablish a criterion for cohomological trivialit y using an
important result of E. Aljadeff and Y. Ginosar. We then apply this criterion
to derive sufficient conditions under which the order of a finite R[G]-module M
(where G is cyclic and R is sufficiently large for G) equals the product of the
orders of the various isotypic components MX of M as y ranges over G. In this
section “G-module” means Z[G]-module.

We begin with

THEOREM 4.1 (Aljadeff): Let G be a finite group and let M be a G-module
which is also a commutative ring with unit. Assume that H°(H, M) = 0 for
every subgroup H of G of prime order. Then fIO(I-L M) = 0 for every subgroup
H of G.

Proof:  See [1, Corollary 0.2]. The proof uses a tensor induction argument for
skew group rings M;H, where H is a subgroup of G and t: G — Aut(M) is the
map defining the action of G on M. |

Remark: The commutativit y assumption of the theorem is crucial.See [1] for
an example of a group G and a non-commutativ e ringM/ for which the theorem
fails. The follo wing is the correct generalization of Theorem 4.1 when M is a
non-commutativ e ring with unit:if I;TO(H., M) = 0 for every elementary abelian
subgroup H of G, then HO(H, M) = 0 for every subgroup H of G. See [2,
Theorem 1].

Our objective now is to extend the class of G-modules M to which Theorem
4.1 applies (at the expemderestricting the class of groups G, as it will turn
out). We need the following result.

THEOREM 4.2 (Aljadeff-Ginosar): Let R be a ring with unit, let G be a finite
group and let M be a module over a crossed product algebra R * G. Then

proj.dim. 5, oM = sup{proj.dim., y M: H < G elementary abelian}.
Proof: See [2, Theorem 3]. |

Remark: Theorem 4.2 is a corollary of the following generalization (due to
Aljadeff and Ginosar) of a w ell-known theorem of Chouinard [5]: an R * G-
module M is w eaklyprojective (resp. projective) if and only if M is R = H-
w eakly projectie (resp. projective) for every elementary abelian subgroup H of
G. See [2, Theorem 2].
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We now have

THEOREM 4.3: Let G be a finite group and let M be a G-module. Then M
is cohomologically trivial if and only if Hi»(H, M) = Huw+'(H,M) = 0 for
every p-elementary abelian subgroup H of G, where i, is an integer (which may
depend on the prime p).

Proof: By the Nakayama—Rim theorem [23, Theorem IX.5.8, (ii)<(iv), p. 145],
a G-module M is cohomologically trivial if and only if the Z[G]-projective di-
mension of M is < 1. Now Theorem 4.2 shows that M is cohomologically trivial
if and only if M is H-cohomologically trivial for every p-elementary abelian sub-
group H of G. Nakayama’s criterion [23, Theorem IX.5.8, (i)<(ii), p. 145] now
completes the proof. ]

COROLLARY 4.4: Let G be a finite group such that all Sylow subgroups of G
are either cyclic or generalized quaternion, and let M be a G-module. Assume
that H-'(H, M) = H°(H, M) = 0 for all subgroups H of G of prime order.
Then M is cohomologically trivial.

Proof:  The class of groups G which satisfies the hypothesis of the corollary
is exactly the class of groups G which ha vethe property that every abelian
subgroup of G is cyclic. See [3, Theorem XII.11.6, p. 262]. The corollary now
follo ws from the theorem and the periodicity of the cohomology of cyclic groups.
|

Remarks: (a) The corollary applies in particular to G = Q2 , the generalized
quaternion group of order 2" (n > 3). Note that this group has a unique
subgroup H of order 2.

(b) The classical Holder-Burnside-Zassenhaus theorem asserts that a group
G has the property that all its Sylo w subgroups arecyclic if and only if G is
a split extension (i.e., a semi-direct product) of tw o cyclic groups whose orders
are relatively prime. See [21, Theorem 10.26, p. 246] and [29, Theorem V.3.11,
p. 175]. Thus Corollary 4.4 applies to all cyclic groups (but not to other types
of abelian groups) and to certain types of non-abelian finite groups (other than
Q2 ), for example the dihedral groups of order 2n for every odd integer n > 3.

(c¢) Theorem 4.3 and Corollary 4.4 represent a significant improvement of the
w ell-knavn criterion for cohomological triviality established by T. Nakayama in
the mid 1950’s (see [23, Theorem IX.5.8 (i)<(ii), p. 145]). For example, ifG is
a cyclic group of order p™ (where p is a prime and n > 1) and M is a G-module,
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then by Corollary 4.4 the cohomological triviality of M may be chec led “at the
first layer”, i.e., by checking whether I;Ti(H,M) vanishes for ¢ = —1,0 and H
equal to the unique subgroup of G of order p. By contrast, Nakayama’s criterion
requires chec kingthe vanishing of these cohomology groups for the full group
(i.e., for H = G), a v erification whih depends on the (possibly very large) value
of n.

Recall now that if H is a finite cyclic group and M is an H-module such
that the cohomology groups Hi(H, M), i = 0,1, are finite, then the Hebrand
quotient h(M) of M is defined by

(M) = [H°(H, M)]/[H" (H, M)].

It is a well-known fact that the Herbrand quotient of a finite module is 1. Now
Corollary 4.4 yields the following varian t of Theorem 4.1.

COROLLARY 4.5: Let G be a finite group satisfying the hypothesis of Corollary
4.4 and let M be a G-module. Assume that for each subgroup H of G of prime
order the Herbrand quotient of M, when regarded as an H-module, is defined
and equal to 1 (for example, M may be a finite G-module). Assume further that
fIO(I-L M) = 0 for all subgroups H of prime order. Then M is cohomologically
trivial. In particular H°(H, M) = 0 for all subgroups H of G.

Remark: The above corollary will be appliedhe next section to establish
an interesting fact concerning abelian varieties defined over local fields. See
Theorem 5.3 below.

Next, w ewill combine Theorem 2.2 and Corollary 4.5 to obtain conditions
which will ensure that the order of a finite R[G]-module M, where G is cyclic
and R is sufficiently large for GG, equals the product of the orders of the various
isotypic components MX of M as y ranges over G.

THEOREM 4.6: Let G be a finite cyclic group and let M be a finite R[G]-
module, where R is sufficiently large for G. Assume that ITIS(H., M) = 0 for
every subgroup H of G of prime order and every character x of H. Then
lflg(G7 M) = 0 for all characters ¢ of G, and

(M) = [T 1M = [ lewM].

vel ped

Proof: The stated formula will follow from Theorem 2.2 once w epro vethe
first assertion. Let ¢ be any character of G and let M be the twist of M by
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Y (see §1). Let H be a subgroup of G of prime order. As an R[H]-module,
MJ is canonically isomorphic to My, where Y = |y is the restriction of ¥
to H. Therefore HO(H, M) ~ HO(H, M) ~ ﬁg(H,M) = 0. Now Corollary
4.5 shows that H(G, M) is zero, whence ﬁg(G, M) is zero and the proof is
complete. |

Remarks: (a) By Theorem 4.1, a result analogous to Theorem 4.6 holds true
if G is an y finite abelian group and the finite R[G]-module M has the structure
of a commutativ e ring with unit.

(b) If G is a cyclic group of order p™, where p is a prime and n > 1, the number
of conditions to be checked in order to apply Theorem 4.6 is independent of
n. See the remarks following the proof of Corollary 4.4.

Now let G be a cyclic 2-group and let 7 denote the unique element of G of
order 2. For any finite R[G]-module M, define

(7) Mt ={me M:mm=m}.

Then M is a submodule of M con taining (1 +7)M.
Theorem 4.6 has the following satisfying corollary.

COROLLARY 4.7: Let G be a cyclic group of order 2", where n > 1, and let M
be a finite R[G]-module. Assume that M = (1 + 7)M, where M is given b y
(7) and T is the unique element of G of order 2. Then

(M) =[] 1mM¥] = ] [ewM].
e yel

Proof: This will follow from Theorem 4.6 once we check that PAIQ (H,M) =0
for H = (1) and x equal to the nontrivial ¢ haracter of H. But

ﬁg(m M) = M/(1—7)M = H ' (H,M)

has the same order as HO(H, M) = M+ /(1+ )M, which is zero b y hpothesis.
|

5. Applications to abelian v arieties

Let F be a global field, i.e., F' is a finite extension of Q (the “number field
case”) or is finitely generated and of transcendence degree 1 over a finite field
(the “function field case”). The following notations will remain in force through-
out the rest of the paper. Let F' denote a fixed separable algebraic closure of
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F. We will write T for the absolute Galois group Gal(F'/F) and p for the char-
acteristic exponent of F'. For eac h primev of F, we choose once and for all a
prime v of F lying abovev and write T, for the decomposition group of 7 in T,
i.e., Ty = {0 € I ¢(¥) = v}. Then F, := Fj is a separable algebraic closure of
F, and T', may be identified with Gal(F,/F,). Given a (discrete, continuous)
I-module M, H(F, M) will denote the i-th Galois cohomology group H*(T', M).
For i =1 or 2, we set

I (F, M) = Ker {Hi(F., My =] Hi(Fv,M)}

all v

and
bi(F, M) = Coker [Hf(F, My =] Hi(Fu,M)},
all v
where the products extend over all primes v of F'.

Let A be an abelian variety defined over F' and let K/F be a finite Galois
subextension of F//F with Galois group G. We will write A (resp. Ag) for
the abelian variet y A regarded as an abelian variety over F' (resp. K). Further,
At will denote the dual (Picard) varietyof A. Foreach prime w of K lying
abo e a prime v of F, we will write G,, for Gal(K,,/F,) and identify it with the
decomposition group of w in G.

PROPOSITION 5.1: Let w be an yprime of K, let v be the prime of F lying
below w and let L/F, be a subextension of K,,/F, such that H = Gal(K,,/L)
is cyclic. Then the Herbrand quotient of the H-module A(K,,) is 1.

Proof: Let f: A — A" be an isogeny and let Ay be the kernel of f. Then there

exists a natural exact sequence
0— Ap(K,) = A(K,) - AY(K,) =0,

where K, is a separable algebraic closure of K,. Taking Gal(K,/K,)-
invarian tsof the abo veexact sequence, w econclude that there exists an H-
module homomorphism A(K,) — A%(K,) with finite kernel and cok ernel.
Therefore h(A(K,)) = h(A*(K,,)), where h(M) denotes the Herbrand quotient
of the H-module M. On the other hand, local duality [16, 1.3.4, 3.7; I11.7.8]
(see also [15, Proposition 4.2]) implies that h(A(K,))h(A'(K,)) = 1. Therefore
h(A(K,))? = 1, whence the result follows. |
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Remark: When K, is non-archimedean of characteristic zero, there is an al-
ternative proof of Proposition 5.1 which makes use of a well-known theorem of
Mattuck. This proof (therefore) depends on the theory of the logarithm. See
[25, §4, (14)].

COROLLARY 5.2: Let v be a real prime of F. Then A(F,) is connected if and
only A%(F,) is connected.

Proof: By [16, 1.3.7], A(F,) is connected if and only if ﬁO(FU,A) = 0 or,
equivalently by duality, if and only if H*(F,, A*) = 0. The proposition (applied
to At and to some totally imaginary finite Galois extension K of F) shows that
the latter is equivalent to the vanishing of ETO(FU7 AY), i.e., to the connectedness
of AY(F,). 1

Remark: Corollary 5.2 was known to Yu. Zarhin in 1972. See [28, §3].

THEOREM 5.3: Let v be a prime of F and let w be a fixed prime of K lying
abo vev. Assume that the decomposition group G,, = Gal(K,/F,) satisfies
the hypothesis of Corollary 4.4. Assume further that A(L) = Ny, A(Ky)
for every subextension L/F, of K, /F, of prime index. Then the G,-module
A(Ky) is cohomologically trivial.

Proof: This follows at once from Proposition 5.1 and Corollary 4.5. ]

Remarks: (a) If G = Gal(K/F) satisfies the hypothesis of Corollary 4.4, then
so does G, for any w. On the other hand, let p denote the characteristic of the
residue field of F;, and let e and f denote, respectively, the ramification index
and residue degree of w in K/F. Further, let Gy and G denote the inertia and
first ramification subgroup of G, respectively. There exist group extensions

0> Go— Gy = Gy/Go =0

and
0—>G1—)G0—)G0/G1—)07

where G, /Gy is cyclic of order f, Go/G; is cyclic of order prime to p and
G; is a p-group. See [23, pp. 67 68]. It followsthat if Gy is either cyclic or
generalized quaternion and f is prime to the ramification index e = [Gy],
then G,, satisfies the hypothesis of Corollary 4.4. (See [23, Ex. IV.2.3, p. 71]
for conditions that will insure that G, is cyclic.)
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(b) Notations being as in the theorem, let K,,/L be a ramified extension of
prime degree p. Write [ for the residue field of L. F urther,let A denote the
Nefon model of A; and let A be the formal completion of A along its zero
section. Then there exists a natural exact sequence

A(l), — HY(H, A(K,,)) — H°(H, A(Ky)) — A(l)/pA(l) = 0,

where A([), denotes the p-torsion subgroup of the finite group A(l) (see [15,
Corollary 4.6]). It follo ws that the anishing of H°(H, A(K,)) is equivalent to
the vanishing of both A([), and HO(H, A(K,)). Regarding the vanishing of
ltAIO(H7 ﬁ([(w)), it seems likely that the methods of [15, §4] are strong enough
for finding sufficient conditions under which ltAIO(H7 fT(Kw)) vanishes. However,
w e do not pursue this matter here.

Next we recall the main theorem of [8]. Let T' be the set of primes of F' which
is formed by collecting together the primes that ramify in K/F and the primes
where A has bad reduction.

THEOREM 5.4: Notations being as above, suppose that the following conditions
hold.

(i) The Tate-Shafarevich group M(Ak) of Ak is finite.

(ii) H (G, A(K)) = H(G,A"(K)) = 0 for all in tegersi.

(iii) A(Fy) is connected for all real primes v of F.
Then

[M(Ar)] = M(Ap)] - [][H (G, A(K))]
veT
and
(G (AR = [[[H(Gu AGK)],
veT

where, for each prime v € T, w is a fixed prime of K lying abovewv.
Proof: See [8], Theorem 4.4. |

Remarks: (a) The above result, which was established in [8] for number fields
only, is in fact valid for arbitrary global fields. This holds because [16], which
w as the main reference for [8], cowers both the mimber field and function field
cases (one only needs to supplement some of the references made in [8] to results
from Chapter I of [16] with references to Chapter IIT of the same book).

(b) As pointed out by the referee of [8], the conditions of the theorem “[seem]

rather stringent but hold in fact quite often”. The results of Aljadeff and Ginosar
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explain why this is so. Consider, for example, the case of a cyclic p-group G,
where p is a prime number. Then condition (ii) of the theorem is equivalent
to the cohomological trivialit y of both A(K) and A'(K). By Corollary 4.4,
the latter is equivalen t to the wnishing of Hi(H, A(K)) and Hi(H, AY(K)) for
1 = —1 and 0, where H is the unique subgroup of G of order p. These conditions
do not seem stringent at all. (Note, furthermore, that if there exists an isogeny
f: A — At of degree prime to p, then H(H, A(K)) = 0 for all  if and only if
Hi(H, A(K)) = 0 for all i. See the proof of Proposition 5.1 above.)

(c) Condition (iii) of the theorem is vacuous if F' has no real primes. F urther-
more, Corollary 5.2 shows that it is equivalent to condition (B) of [8].

Henceforth, we will assume that K/F is a cyclic extension.

COROLLARY 5.5: Assume that G is cyclic. Then, with the hypotheses and
notations of Theorem 5.4,

[M(Ax)C] = [M(A)][H(G, M(Ax))]

and
[H(G.M(A)] = [TIA (G, AKL))].
veT
Proof: This is immediate from Theorem 5.4, using Proposition 5.1, the period-
icity of the cohomology of cyclic groups and the fact that the Herbrand quotient
of a finite module is 1. |

We now write n for the order of G and assume that A has complex
multiplication by the ring of integers R = Z][(,] of Q(¢,). Then M(Agk)
is an R[G]-module in a natural way, and we may apply to it the results of the
preceding sections. For eah character y of G we will write AX for the y-twist
of AT (see [17, §2]). Then there are isomorphisms

(A g)X = (M(Ax )3 ~ T(AR).

The next corollary results from applying Corollary 5.5 to the twisted abelian
variet y AX.

t This is a standard notation for the x-twist of an abelian variety. We have
adopted it in spite of the fact that some readers may be confused by it, in view of
the notations introduced earlier. It may help clarify matters to note that AX(K)
is an R[G]-module which is isomorphic to the twisted R[G]-module A(K), de-
fined in §1, whereas A(K)X (whic hw e primarily regard as an R-module) is
isomorphic to the R-module AX(F), where X is the inverse character of .
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COROLLARY 5.6: Suppose G is cyclic and let x be a character of G. Assume
that the conditions of Theorem 5.4 hold for the twisted abelian VarietyAg,.
Then
[M(Ax)X] = [M(AR)]AL (G, T(AK))]
and
[AYG.M(AR)] = [[ Y, (Gu. AKL))),
veTy
where Ty is the set of primes of F' which ramify in K/F or where A% has bad
reduction, and Y, is the restriction of x to G,,.

We now combine the above corollary with Theorem 2.2 to establish the main
result of this section.

THEOREM 5.7: Let K/F' be a cyclic Galois extension of global fields with Galois
group G of order n and let A be an abelian variety over F' with complex multi-
plication by the ring of integers of Q((,, ). Assume that the following conditions
hold.
(i) The Tate-Shafarevich group M(Ax) of Ay is finite.

(i) HL(G,A(K)) = H (G, AYK)) =0 for all i and all x € G.

(i) A(Fy,) is connected for all real primes v of F.
Then

m(Ax)] = T (A - T 1S (meAx)),
xXE€G xXEG

where, for each x € G, Sy(II(Ag)) is the submodule of ﬁg(G,]]I(AK)) given

~

by (6). F urther, for ead x € G, Sy (II(Ak))] divides
[T 18?, (Gu. A,

veTy

where Ty and x,, are as in the statement of Corollary 5.6.

Remarks: (a) Since A and AX are isomorphic over K, the finiteness of TII(A};)
is equivalent to that of (A ). Thus condition (i) of Theorem 5.7 implies that
condition (i) of Theorem 5.4 holds for all twists of A.

(b) Similarly, condition (iii) of Theorem 5.7 implies that condition (iii) of
Theorem 5.4 holds for all twists of A. Indeed, let v be a real prime of F' and let
K be a totally imaginary extension of F. By [16, 1.3.7], AX(F,) is connected if
and only if HO(G,, AX(K,)) ~ ﬁ% (G, A(Ky,)) is zero. On the other hand,
since K,/ F, is quadratic,

[HY (G, A(K))) = [H (G AK))] = [H (G, A(K))],
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by the proof of Corollary 4.7 and Proposition 5.1. Thus AX(F,) is connected if
and only if fIO(Gw, A(K,)) is zero, i.e., if and only if A(F,) is connected.

(c) If G is a cyclic p-group, where p is a prime, and H is the unique subgroup
of G of order p, then condition (ii) of Theorem 5.7 is equivalen t to the condition:

(i) Hi(H, A(K)) = H.(H,A"(K)) =0 for i = —1,0 and all y € H.

See the remark follo wing the statement of Theorem 5.4. When p = 2, the
abo ve condition needs only be hecked for y = x°, the trivial character of H.

(d) Theorem 5.7 generalizes Corollary 4.6 of [8]. As noted in the introduction,
the search for such a generalization motivated the writing of this paper.

6. Applications to ideal class groups of number fields

Let F be a nunber field, let F be a fixed algebraic closure of F' and let
[' = Gal(F/F). We will write O for the ring of integers of F', Up for its group
of units and Zr for the group of fractional ideals of F'. The subgroup of Zr of
principal fractional ideals will be denoted by Pr and identified with F*/Up via
the canonical map. In addition, we will write C'r for the ideal class group Zz /Pr
of F and hy for its order. The group of units in F will be denoted by U. F urther,
we will write S, for the set of archimedean primes of F'. For v € Sy, U, (resp.
U,) will denote the group of units in F, (resp. F,). If v € S, we set U, = F¥
(resp. U, = F). We now recall that the invariant map inv, : Br(F,) — Q/Z
of local class field theory induces isomorphisms Br ,) ~ Q/Z if v is non-
archimedean, Br(F,) ~ $Z/Z if v is real, and Br(F,) = 0 if v is complex. Now
let K/F be a finite Galois subextension of F//F with Galois group G. For eac h
prime v of F, we will write w for the prime of K lying below the prime v of F
chosen previously.

LEMMA 6.1: There exists a canonical isomorphism of G-modules
O =T (K, U).
Proof (After B. Poonen [20]): Set A = Gal(F'/K). Taking A-cohomology of
the natural exact sequence
0—=U—=F*— F*)JU—=0
and using Hilbert’s Theorem 90, we obtain a natural exact sequence
0= Ux = K* = (F* )02 L—HY (K, T) — 0,
where d is the usual connecting homomorphism in Galois cohomology. Using

the identification K*/Uk = Pk, we conclude that 07! induces an isomorphism

HY(K,U) = (F*JU)* | Pk.
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Now, since H! (K, U) is torsion and (F*/U) is uniquely divisible, (F* /U)? /Px
is canonically isomorphic to (Px ® Q)/Px (via the map [a] — [(ma) @ (1/m)],
where m is the order of the coset [a]). On the other hand, since Px@Q = Zx@Q
by the finiteness of Zx /Py, we conclude that there exists a natural isomorphism

HYK,U) = (Ix ® Q)/Px.
Similarly, for ev ery finite primew of K, there exists a canonical isomorphism
HY(Ky,Uy) = (22 Q)/L = Q/L

(the reader may ignore the archimedean primes of K since they play no role in
this proof). Now it is not difficult to see, by tracing through definitions, that
the localization map H'(K,U) — H'(K,,U,) corresponds, under the above
isomorphisms, to the map (Zx @ Q)/Px — Q/Z which is induced by the w-
adic valuation map Zx — Z, i.e., by the map which assigns to a fractional
ideal a € Zx the exponent of w in its factorization. It now follows easily that
the subgroup II' (K, U) of H'(K,U) is canonically isomorphic to the subgroup
Cx =Ik [Pk of Tk @ Q)/Pk. [ |

There exists an exact commutativ e diagram

0— H'(G,Ux) —— H'(F,U) HY(K,U)¢ H?(G,Ug)

| | | |

00— Hle(GWUw) - Hle(Fv:Uv) - Hle(I{w-,Uw>Gw - HUHQ(GM:UM)

in which the rows are (induced by) the inflation-restriction exact sequences, the
products extend over all primes v of F' and, for each such prime v, w is the
prime of K lying above v fixed previously (note that we have used‘semilocal
theory” [4, §2.1]). An application of a variant of the snake lemma [10, Lemma
1.7] to the above diagram, together with Lemma 6.1, yields

THEOREM 6.2: Let K/F be a finite Galois extension of number fields with
Galois group G. Then there exists a natural complex of finite abelian groups

0— (G, Uk) = Cr — C¢ — (G, Ug)

which is exact except perhaps at Cg, where its homology is a (finite) subgroup
of b (G, Uk). ]

As immediate consequences of the theorem, we have
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COROLLARY 6.3: Let K/F be a finite Galois extension of number fields with
Galois group G of exponent e. Then there exists a rational number rq, whse
numerator and denominator are divisible only by primes that divide e, such that

[CE] =710 hp.
In particular, a prime pfe divides [C$] if and only if it divides hp.

COROLLARY 6.4: Let K/F be a finite Galois extension of number fields with
Galois group G. Assume that b' (G, Uy ) = I*(G, Uk ) = 0. Then the canonical
map Cr — O% is surjectiv e.

COROLLARY 6.5: Let K/F be a finite Galois extension of number fields with
Galois group G. Assume that ]]Il(G., Uk)=0. Then hp divides hy.

Remarks: (a) For each finite prime v of F, H'(G,,U,) is a (cyclic) group
of order e(w/v), where e(w/v) denotes the ramification index of K,,/F,. See
[24, Proposition 47, p. 154]. It follo ws that b (G, Uf) is a finite group of order
dividing ], 45 e(w/v).

(b) If K/F has the property that K,,/F, is cyclic for every finite prime v of
F, then [[, H*(Gy,U,) is a finite group of order

[1IH (G U] = 275 T etwfo),

v VE S

where 7+ (K /F) denotes the number of real primes of F' which ramify in K. See
[13, Lemma IX.3.4, p. 188]. In particular, if K/F' is unramified at all primes
of F, then, by (a) and the theorem, there exists a natural exact sequence of
finite groups

0= HYG.Ux) = Cp = C — H*(G,Ug).

See the Appendix for a generalization of this fact. The preceding exact sequence
has the follo wing “amusing” consequence. Let K be the Hilbert class field
of F. Then, by the Principal Ideal Theorem [19, Theorem 8.6, p. 107], the
canonical map Cr — Cg is zero. Consequently, the abo veexact sequence

yields a canonical isomorphism
Cr=H'(G,Uxk).

Therefore every ideal class in F' may be represented by a 1-G-cocycle with values
in the group of units of the Hilbert class field K of F, where G = Gal(K/F).
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(c) Let T be the F-torus corresponding to the free and finitely generated
[-module Uk /tors, and assume (for simplicity) that H%(G, Uk tors) = O (this
holds, for example, if the order of Uk tor, i.€., the number of roots of unity
contained in K, is prime to the order of G). Then there exists a canonical
injection

M? (G, Ur) < M?(G, Ug /tors).
On the other hand, by Nakayama-Tte duality, lI*(G, Uy /tors) is canonically
isomorphic to the dual of ' (F, T) (see [22, Lemma 1.9, p. 19]). Consequently
*(G,U) = 0 if IT' (F,T) = 0. The latter holds, for example, if G is meta-
cyclic (][22, Corollary 5.3, p. 34]).

Now let G be any finite group and let M be a finite Z[G]-module. Since Z is
not sufficiently large for GG, the results of §§3 and 4 do not immediately apply
to M. Consequently, we need to “extend scalars”. Let R = Z[(.], where e is the
exponent of G and (. is a fixed (complex) e-th root of unity. Clearly, R = Z[(,]
is a free Z-module of rank p(e), where ¢ is Euler’s function. Define

M=M®ZR.

Then M is a finite R[G]-module (with G acting trivially on R), of order [M]#(¢).
More precisely, let B = {¢!: 0 < i < ¢(e) — 1}. Then the elements of M may be
regarded as formal linear combinations of elements of M with coefficients in B,
i.e., an yzr € M may be written, uniquely, in the form

e(e)—1 .
(8) T = Z m; (.,
i=0
where the m; € M.
We now apply Theorem 3.1 to the R[G]-module Cx = Cx @z R. Using
Corollary 6.3, we obtain the following result.

THEOREM 6.6: Let K/F be an abelian extension of number fields with Galois
group G of exponent e. Then there exists a rational number r, whose numerator
and denominator are divisible only by primes that divide e, such that

(hi /b)) =r- ] [Ck]-
x€G
x#x0

Writing each factor [C'] in the formula of the theorem as [¢, C ][HY(G. Cr)],
w e concludethat there exists a rational number 7', whose numerator and de-
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nominator are divisible only by primes that divide e, such that
(9) (hi/hp)? ) =v" ] lexChxl-

x#X°
F or example, ifG is a p-elementary abelian group for some prime p, then (9) is
an identity of the type

(hi/hp)P~t =p' ] lexChxl,

x7#x°

where t is an integer which may be positiv e,negative or zero. When p = 2,

the situation is particularly simple, since in this case there is no need to extend
scalars (R = 7). We have

COROLLARY 6.7: Let K/F be a finite Galois extension of exponent 2. Then
there exists an integer t such that

hic/he =2 ] [exCxl,
x#x°

where the product extends over all non-trivial characters of G.

Regarding the formula of the corollary, the factors [e,Cx] wic h appear on
the right-hand side seem to be related to the class numbers of the various subex-
tensions of K/F. See below.

Example (Cf. [27, Theorem 10.10, p. 191]): Let K = Q(y/d;,+/d2) be a bi-
quadratic extension of the rational field, where d; and dy are squarefree integers.
Let x; ( = 1,2, 3) be the nontrivial ¢ haracters ofG = Gal(K/F), numbered so
that L; = Fix(Ker y;) = Q(1/d;). where d3 = didz. Write

(1,7} = Gal(K/L1), {1,0} = Gal(K/Ls), {1,07}= Gal(K/Ls),

and set ey, =¢; (j =1,2,3). Thene; = (1 -0)(1+7), 2 = (1 = 7)(1 +0)
and e3 = (1-7)(1—0). We havee,Cx = (1 —0)Ng/r,Cr. Further,o acts on
N1, Ck as multiplication by —1 since

(1 +0)NK/L10K = NLl/QNK/Lch =0.

It followsthat [¢;Ck] differs from hy < [CLJ by a pow erof 2. Similarly,
[e2C k] differs from hy = [Cf,] by a power of 2. On the other hand, e3Cx =
(1-=7)(1+07)Ck = (1 = 7)Ng/1,Ck, and we conclude as before that [e3C]
differs from hs = [C,] by a pow er of 2. Summarizing, there exists an integer ¢
such that

hic =2 hyhyhs.
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Remarks: (a) The formula of the example is not new. A precise version of it
[7, Theorem 74, p. 320] follows from the classical Brauer relations [7, Theorem
73, p. 315]. More generally, if K/F is any Galois extension of number fields of
type (2,2), F. Lemmermeyer [14] has obtained a formula of the type

hi = 2'hihohs /B2,

where ¢ is an integer whose precise value is given in [14, p. 247]. Lemmermeyer’s
formula has been recently generalized by B. de Smit [6], who used a certain
“Brauer relation” to obtain the follo wing result. Let K/F be a finite abelian
extension of number fields with Galois group G ~ (Z /pZ)™, where p is a prime
and m > 2. Then there exists an integer ¢ such that

(10) hihg b =p" [ b
[L:F]=p
where g = (p™ — 1)/(p — 1) is the number of subgroups of G of index p (for
the precise value of ¢, see [6, p. 140]). Note that the preceding formula may be
written as
hic/he =p" T (he/hr),
[L:F]=p
so it seems likely that (10) may also be obtained by repeated application of The-
orem 6.6 above. When F' = @, (10) has the following interesting consequence:
a prime q # p divides hy if and only if ¢ divides hj, for some subextension L/Q
of K/Q of degree p.

(b) As mentioned earlier, the factors [C'] interv ening in the formula of The-
orem 6.6 appear to be related to the class numbers of the various subextensions
of K/F. Further, the actual computation of %] in terms of class numbers of
subextensiomsf K /F seems to be a problem in linear algebra. For example,
if 7 is a fixed generator of G and Y is given by x(7) = (,, then there exists a
natural isomorphism

Cr~{me C’f((n): 7m = Am},

where A is the companion matrix? of the n-th cyclotomic polynomial &, (z)

(this follo ws from (8)). However, we do nt yet know if Cp (2 < i <n —1)
admits a similar description. In any case, it seems likely that the identity

Nijp= [ @a")
d|[K:L]
d>1

4 Or the transpose of the companion matrix, depending upon which definition
of “companion matrix” one adopts.
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will play a role in the computation of [6?] in terms of the class numbers of the
various subextensions of K/ F.

(¢) Let p be an odd prime and let K = Q((,)" be the maximal real subfield
of Q(¢p). Let ht be the class number of K. Then formula (9) (for F = Q) is

()= =0 T [,

x#x°

where 1’ is a rational number whose numerator and denominator are divisible
only by primes that divide (p — 1)/2. In particular, p divides h* if and only
if p divides [e,Ck] for some (non-trivial) character x of G, i.e., V andier’s
conjecture holds for p if and only if p does not divide [SXUK} for every non-
trivial character xy of G. Regarding this w ell-known conjecture, the results of
this paper seem to indicate that the following statement is true: p does not
divide h'* if and only if p does not divide hy for every subextension L/Q of
K/Q of prime degree.

THEOREM 6.8: Let K/F be a finite Galois extension of number fields with Ga-
lois group G suc h that every Sylow subgroup of G is either cyclic or generalized
quaternion. Assume, in addition, that the following conditions hold for each
subextension L/F of K/F' of prime index.

(a) K/L is ramified at some prime, and

(b) bY(H,Ux) = I*(H,Ux) = 0, where H = Gal(K/L).
Then the G-module C is cohomologically trivial.

Proof: Hypothesis (a) implies that K NH, = L, where H, is the Hilbert class
field of L. Now a well-known consequence of class field theory [12, Lemma on
p. 83] shows that the canonical map Cx — Cr,{a} = {Ng,pa}, is surjective.
On the other hand, by Corollary 6.4, hypothesis (b) implies that the natural
map C — CH is surjective. We conclude that the norm map Nk Cx — cl
is surjectiv e, i.e.fIO(H, Ck) = 0. The theorem now follows from Corollary 4.5.
|

Remarks: (a) Condition (a) of the theorem holds if K/F is ramified at some
prime and its Galois group is cyclic of p-power order, where p is a prime. In-
deed, let v be a prime of F' ha ving a nortrivial inertia group I(v, K/F'). Then
I(v, K/F) contains Gal(K/L), where L/F is the unique subextension of K/F
of index p. It follows that K/L ramifies at a prime of L lying abovewv.

(b) Regarding condition (b) of the theorem, see Remark (c) following the
statement of Corollary 6.5.
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Appendix

In this Appendix w euse étale cohomology to establish certain varian tsof
Corollary 6.3 above. See Theorem A.4 and Corollary A.5 below.

We keep the notations introduced in Section 6. In particular, K/F is a finite
Galois extension of number fields with Galois group G and, for each prime v
of F, w is a fixed prime of K lying above v. We will also need the following
notations: S will denote the set of primes of F' formed by collecting together the
arc himedean primes of F' and therimes that ramify in K/F, Sk will denote
the set of primes of K lying above the primes in S and, for any prime v of F, n,
will denote the local degree [K,,: F,]. Further, ve will write Ng for the least
common multiple of the integers n, (v € S). The notations O s, Ur,s, Cr,s
and hps will refer to the ring of S-integers, the group of S-units, the S-ideal
class group and the S-class number of F', respectively. When S = S, i.e., when
K/F is unramified at all finite primes of F, we have Ops = Of, Up s = Up,
Crs = Cp and Ng = 2min(Lr<(K/F)) “where 1o (K/F) denotes the number of
real primes of F' which ramify in K/F.

We begin by observing that the natural map Spec Ok s, — SpecOps is
a finite, étale and surjectiv emorphism of degree [K: F], i.e., it is a Galois
covering with Galois group G. Now the Hochschild Serre spectral sequence in
etale cohomology

H?(G, H{, (Spec Ok s, .Gy )) => HL ' (Spec Op.s, Gpy),

where G, is the multiplicative group scheme, gives rise to the following exact
sequence of finite groups, known as the Picard—Brauer exact sequence:
(11)

0— H'Y(G,Uk,s,) = Crs = C{s. = H*(G,Uks,.) = B(Ors,Ok,s, )

- Hl(Gch,SK) - HB(GvUK,SK)v

where
B(OF’S, OK,SK) = Ker[Br OF,S) — Br C)K,SK)G]~

See [18, p. 309] and [16, Proposition 11.2.1, p. 201], and note that w ehave
identified Pic Of,s) and Pic(Ok, s, ) with Cps and Ck s, , respectively (cf.
[11, Example 11.6.3.2, p. 132, and Corollary 11.6.16, p. 145]).

LEMMA A.1: We have

1
B csi)] = == [ ne:
[ (OF‘7S,O[ 7SK)] NS n :
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where Ng is the least common multiple of the integers n, (v € S).

Proof: By [16, Proposition 11.2.1, p. 201] and “semilocal theory” [4, §2.1] (see
also [26, §11, (7), p. 194]), there exists an exact commutativ e diagram

0—Br Ons) — > @,cs Br(F,) = )z

| l |

0 —= Br(Or.5, )¢ —= @, Br(K,)0» =22 /z.
Consequently, B(Or s, Ok, s, ) is isomorphic to the kernel of the map
Zinvv : @HQ(GM,K;) — Q/Z
vES
(see |23, Corollary, p. 156]). On the other hand, local class field theory allows us

to identify the latter map with the summation map S: @, cgn, 'Z/Z — Q/Z.
Now [9, Lemma 1.2] completes the proof. |

PROPOSITION A.2: Let K/F be a finite Galois extension of number fields with
Galois group G. Assume that K/F is unramified at all finite primes of F'. Then
there exists a natural exact sequence of finite groups

0— HY(G,Ux) = Cr = C% = H*(G,Ux) = B(Or,Ok),

in which B(Op,Ok) is a group of order 2Ma (r=(K/F)=1) " where r. (K/F)
denotes the number of real primes of F' which ramify in K/F. In particular, if
at most one real prime of F' ramifies in K/F, then there exists a natural exact
sequence®

0— HY (G, Ux) = Cp = CS = H*(G,Ug) = 0.
Proof:  This follows by setting S = Sy, in (11) and using Lemma A.1. |

COROLLARY A.3: Let F' be a number field and let K be the Hilbert class field
of F. Write G = Gal(K/F'). Then there exist canonical isomorphisms

Cr=H"(G,Ux) and C% = H*(G,Ug).

Proof: As already noted (cf. Remark (b) following the statement of Corollary
6.5), the Principal Ideal Theorem [19, Theorem 8.6, p. 107] implies that the nat-
ural map Cr — C% is zero. The result is now immediate from the proposition.
|

5 Cf. Remark (b) following the statement of Corollary 6.5.
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THEOREM A.4: Let K/F be a cyclic Galois extension of nunber fields with
Galois group G of order n. Then there exists an integer d, which divides the
order of HY(G,Ck.s, ), such that

(n/Ns) - [Cf s ]=d hps.

Proof: This follows at once from Lemma A.1 and the exactness of (11), using
the fact that the Herbrand quotient of Uy s, equals (1/n)][],csnv (see, for
example, [19, Theorem 1.3, p. 74]). |

COROLLARY A.5: Let K/F be a cyclic Galois extension of number fields with
Galois group G of order n. Assume that K/F is unramified at all finite primes
of F. Then there exists an integer d, which divides the order of H(G,Cx)
such that

n- [CI(?} =d- 2111i11 (1Tx(K/F))hF.

In particular, if PAIO(G,C'K) =0 (cf. Theorem 6.8), then

n- [C}(\i} — 2lnin(1,rx(K/F))hF. ]

References

[1] E. Aljadeff, On the surjectivity of some trace maps, Israel Journal of Mathematics
86 (1994), 221-232.

[2] E. Aljadeff and Y. Ginosar, Induction from elementary abelian subgroups, Journal
of Algebra 179 (1996), 599-606.

[3] H. Cartan and S. Eilenberg, Homological Algebra, Princeton University Press,
Princeton, 1956.

[4] C. Chamfy, Modules semi-locaux, in Cohomologie Galoisienne des Modules Finis

(Sém. Poitou), Dunod, Paris, 1967.

[5] L. Chouinard, Projectivity and relative projectivity over rings, Journal of Pure
and Applied Algebra 7 (1976), 287-302.

[6] B. de Smit, Brauer-Kuroda relations for S-class numbers, Acta Arithmetica 98
(2001), 133-146.

[7] A. Fréhlich and M. J. Taylor, Algebraic Number Theory, Cambridge Studies in
Advanced Mathematics 27, Cambridge University Press, 1991.

[8] C. D. Gonzalez-Avilés, On Tate-Shafarevich groups of abelian varieties, Proceed-

ings of the American Mathematical Society 128 (2000), 953-961.

[9] C. D. Gonzalez-Avilés, Brauer groups and Tate-Shafarevich groups, Journal of
Mathematical Sciences of the University of Tokyo 10 (2003), 391 419.



92
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]

[21]

[22]

23]

[24]

[25]
[26]

27]

28]

[29]

C. D. GONZALEZ-AVILES Isr. J. Math.

C. D. Gonzalez-Avilés, Brauer groups and Tate-Shafarevich groups, II, Av ailable
from http://arxiv.org/abs/math.NT /0306231 (submitted).

R. Hartshorne, Algebraic Geometry, Springer-Verlag, Berlin, 1977.
S. Lang, Introduction to Cyclotomic Fields, Springer-Verlag, Berlin, 1978.
S. Lang, Algebraic Number Theory, Springer-Verlag, New York, 1986.

F. Lemmermeyer, Kuroda’s class number formula, Acta Arithmetica 66 (1994),
245-260.

B. Mazur, Rational points of abelian varieties with values in to wrs of number
fields, Inventiones Mathematicae 18 (1972), 183-266.

J. S. Milne, Arithmetic Duality Theorems, P erspectiv es in Mathematics, ¥l. 1,
Academic Press, Orlando, 1986.

J. S. Milne, On the arithmetic of abelian varieties, Inventiones Mathematicae 17
(1972), 177-190.

J. S. Milne, Etale Cohomology, Princeton University Press, Princeton, N.J.; 1980.
J. Neukirch, Class Field Theory, Springer-Verlag, Berlin—-New York—Tokyo, 1986.

B. Poonen, The class group of a number field is the Tate Shafarevich group of
the units, Unpublished typescript.

J. S. Rose, A Course on Group Theory, Cambridge University Press, Cambridge,
1978.

J.-J. Sansuc, Groupe de Brauer et arithmétique des groupes algébriques linéaires
sur un corps de nombres, Journal fiir die reine und angewandte Mathematik 327
(1981), 12 80.

J.-P. Serre, Local Fields, Graduate Texts in Mathematics, Vol. 67, Springer-
Verlag, New York, 1979.

S. Shatz, Profinite Groups, Arithmetic, and Geometry, Annals of Mathematics
Studies, Vol. 67, Princeton University Press, Princeton, 1972.

J. Tate, WC-groups overyp-adic fields, S éminaire Bourbaki, Expos 156 (1957/58).

J. Tate, Global Class Field Theory, in Algebraic Number Theory (J. W. S. Cassels
and A. Frohlic h, eds.), Academic Press, London, 1967, pp. 162 203.

L. Washington, Introduction to Cyclotomic Fields, 2nd Edition, Springer-Verlag,
Berlin, 1997.

Yu. Zarhin, N éron pairings and quasic haracters, Mathematics of the USSR-
Izvestiya 6 (1972), no. 3, 491 503.

H. J. Zassenhaus, The Theory of Groups, 2nd Edition, Chelsea, New York, 1958.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile (Color Management Off)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 290
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 290
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 800
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 300
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [7200.000 7200.000]
>> setpagedevice


